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Abstract 

We obtain a description of the Fucik spectrum associated to the one-dimensional 
asymmetric problem with indefinite weights Lu = am{t)u + — bn(t)u~ in ]Ti,T2[, 
u'{T\) = = u'(T 2 ), where L is a Sturm-Liouville operator. Our approach is based 
on the shooting method. 



1 Introduction 

This paper is concerned with the study of the Fucik spectrum E associated to the semilinear 
Neumann problem with weights 

J Lu = am(t)u + — bn(t)u~ in ]T 1? T 2 [, , , 

\ u'{T x ) = = u'(T 2 ), ' {1A} 

where Lu := — \p(t)u')' + q(t)u, p,q,m and n G C[Ti,T 2 ], p(t) > on [Ti,T 2 ], q(t) > 
on [T 1; T 2 ], m(t) and n(t) are both ^ and u := max{±u, 0}. S is defined as the set of 
those (a, b) G M 2 such that the problem ( |1 . 1| ) has a nontrivial solution. This set plays an 
important role in the study of semilinear problems of type 

/ Lu = f(t,u(t)) in ]T u T 2 l 

\ u '(T 1 ) = = u'(T 2 ). {l - l > 

*e-mail: malif@ictp.trieste.it 
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Consider first the case where there is only one weight-function with a constant sign in 
the whole of the interval [T 1; T 2 ], i.e. the case where m(t) = n(t) and for instance m(t) > 
on [Ti,T 2 ]. The problem becomes: 

Lu = m(t)[au + - bur] in ]T 1 ,T 2 [, , , 

u'(T 1 )=0 = u'(T 2 ). [L - 6) 



It is well known (see 0,0, [JTTJ ) that, in this case, £ is made of the two lines Mx {A™} and 
{A™} x M together with a sequence of hyperbolic like curves in M + x Mr passing through 
(Afc 1 , A™), k > 2; each point (A™, A™) belongs to one (or two) of these curves. Along this 
(or these two) curve(s), the corresponding solutions for ( |1.3| ) have exactly (k — l)-zeros in 
]Ti,T 2 [. Here (0 =)A™ < X™ < ■ ■ ■ — > +oo designate the sequence of eigenvalues of the 
linear problem associated to ( |1.3| ) : 

Lu = \m(t)u in ]T 1 ,T 2 [, , , 

u'(Ti) = = u'(T 2 ). 1 ' 

The description of £ is explicit in the classical case where Lu = —u" and m(t) = n(t) = 1 
(see ||, [0], ||). In the second paragraph of section 3, we investigate the situation where 
the weight-function m(t) changes sign in the interval [T!,T 2 ], i.e. when both m + and m~ 
are ^ in [Ti,T 2 ]. In this case, we prove that the description of £ is rather comparable 
with that of the Fucik spectrum associated to the Dirichlet problem 

Lu = m(t)[au + - hr] in ]Ti,T 2 [, n r\ 

u (ro = o = u(r 2 ) 

which was studied recently in |l| and ||: £ is made of the four lines M x {A™}, {A™} x M, 
M x {A^} and {A^} x M together with a double sequence of hyperbolic like curves in both 
]R + x ]R + and IR~ x Mr passing through (A™, A™) and (A™ fc , A™ fc ), k > 2, and, moreover, a 
(non-zero) number of additional curves which appear in the other two quadrants M + x 1R~ 
and Mr x M + . This number depends on "the number of changes of sign" of m(t) in 
the interval [Ti,T 2 ]. More precisely, if m(t) "changes sign N(= 1, 2, +oo)-times" in 
]T 1; T 2 [, then £ contains exactly (2iV — l)-hyperbolic like curves in M + x Mr and also in 
M~ x M + . These additional curves can be classified according to the number of zeros of the 
corresponding solutions of the problem ( |1.3|) . Here as below — oo <—...< A m 2 < A^ (< 
<) A7'<A 2 n < . . . — > +oo are the eigenvalues of the linear problem (|1.4j ). 



Let us return to the problem ( |1 . 1|) and suppose that m(t) and n(t) both change sign in 
the interval [Ti , T 2 ] . As it was done for the Dirichlet case in [J] and , we prove in the first 
paragraph of section 3 that, beside the trivial part consisting of the four lines {A^} x M, 
Mx {A™}, {A'^} x M and M x {A" x }, the Fucik spectrum £ associated to ( |LT|) is made 
in each quadrant of M 2 of a ( non-zero ) odd or infinite number of hyperbolic like curves. 
Moreover, p, q, r, s being in IV, we prove the existence of two weight-functions m(t) and n(t) 
such that the spectrum £ associated to (|1.1|) exactly contains (2p + 1), (2g + 1), (2r + 1) 
and (2s + 1) hyperbolic like curves in M + x M + , M~ x M~ , M + x M~ and M~ x M + 
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respectively. Note that, here as above, certain curves may be double and are then counted 
for two. 



Section 4 is mainly devoted to the study of the asymptotic behaviour of the "first curves" 
of S in each quadrant of M 2 , i.e. those which lie the closest to the trivial horizontal and 
vertical lines. In the Dirichlet case (Q, 0), it was observed that for instance the first curve 
in M + x M + is non-asymptotic on any side to the trivial horizontal and vertical lines if and 
only if both m + and n + have compact support in [Ti,T2]. In our Neumann case, it turns 
out that this non-asymptotic character holds always true for the first curve in M + x M + 
even if m + or n + do not have compact support in \T% , T 2 ] ■ 

Section 2, which has a preliminary character, deals with the linear equation 

Lu = am(t)u in M. (1-6) 

We introduce, among others, two "zero- functions" . The first one sends any zero of a 
nontrivial solution u of ( p..6|) onto "the following zero" of u; the second one sends any 
a G M onto "the first zero" > T\ of a nontrivial solution u of Q1.6Q satisfying u'(Ti) = 0. 
We investigate several properties of these functions. 



2 Zero-Functions 

Consider the linear equation (|1.6|) where L is defined as in the introduction and m G 
C[T 1 ,T 2 ], m{t) ^ 0. From now on, in this section, it will be supposed that p(t), q{t) 
and the weight-function m(t) are extended from [T 1; T 2 ] to the whole of M preserving the 
continuity and the fact that pi < p(t) < p 2 and < q(t) < q 2 for some constants pi > 0, 
p 2 and q 2 . 

From standard results on the ordinary differential equations (cf. || or ||), it follows that, 
for each s G M, there exists a unique solution u(t) = u(t; a, s), u(s) = and u'(s) = 1, of 
the problem (|I~6l ). 

Similarly, we have the existence and the unicity of v (t) = v(t; a, s) : solution of ( |1.6| ) such 
that v'(s) = and v (s) = 1. 

Moreover, u(t; a, s) and v (t; a, s) are both C 1 -functions of (t, a, s). 

Definition 2.1 We define the three zero-functions ip, ipi and i\) 2 as follows 

(fi a ( s ) '■= min{£ > s : u(t; a, s) = 0} , 
ipi (a) := min{i > T\ : v(t;a,Ti) = 0} , 
■0 2 (a) := sup{t < T 2 : v(t; a, T 2 ) = 0} , 

for each (a, s) G M 2 , with (f a (s) (resp. ipi(a)) = +00 if u(t; a, s) (resp. v (t; a,Ti)) does not 
have any zero > s (resp. T\). Similarly, ip 2 (a) = —00 if v (t; a,T 2 ) does not vanish at any 
point t <T 2 . 
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Note that ip a (s) (resp. ipi(a)) is in fact the first zero following s (resp. 7\) of, not 
only u{.\ a, s) (resp. v(.\ a, Ti)), but also of any nontrivial solution u of ( |1.6|) satisfying the 
initial condition u{s) = (resp. u'(Ti) = 0). 

Similarly, ipz (a) is the last zero < T 2 of any solution u ^ of (|1.6| ) satisfying m'(T 2 ) = 0. 
On the other hand, it follows from classical ODE results that the zeros of both u and v 
are isolated. Thus the above definitions are meaningful. 

Notation 2.2 Let 

A := {(a, s) G M 2 : y? a (s) < +oo}, 
B x := {a E M: ip\(a) < +oo}, 
B 2 : = jflGE: ^ 2 (a) > -oo} 

and, for each s G M, 

af := mi{t > s : m{t) > 0}, 
af := inf{t > s : m(t) < 0} 

with the convention: inf = +oo. 

In the simplest cases, (resp. af) is the lower bound of the first positive (resp. negative) 
bump of m(t) situated at the right of s. 

The zero-function f has the following 

Properties (see or ||) 

1) (i) A is open, 

(ii) ip : A i — > M is a C 1 -function. 

2) (i) Va G M, if a {s) is increasing with respect to s, strictly in A, 

(ii) Ws G M, ipa(s) is decreasing with respect to a for a > 0, strictly in A, 
(Hi) Vs G M, (f a {s) is increasing with respect to a for a < 0, strictly in A. 

3) (i) dcp a {s)/ds>0 for{a,s)eA, 

(ii) dip a (s)/da < for (a,s) G A and a > 0, 
(Hi) dip a (s)/da > for (a, s) G A and a < 0. 

4) (%) Vs G R, lim tpjjs) = a>, 

a >+oo 

(ii) Ws G M, lim <f a (s) = af. 

a >— oo 

5) Ws G M, lim (pa(s) = +oo. 

a >0 

Remark 2.3 We will restrict ourselves below, in this section, to the study of if)\. By the 
change of variable "t = — one can easily deduce the properties of ip2 from those of "01- 

Indeed, let us denote v(t) := v (— t) = v(t). By this change of variable, our equation 



( |1.6|) becomes: —\p(—t)v']' + q(—t)v = am(—t)v. 

Denote by <p, ip\ and ife, respectively, the three zero-functions associated to the latter 
equation. It is clear that v(t,a,s) = —v(—t,a,—s), ipi(a) = — ^2(0) and ^2(0) = —ipi(a). 



4 



Hence, the conditions on v(.,a, T2) at T2 become initial conditions for v(.,a, — T2) at —T2 
and ip2( a ) = — "0i( a )- Q. E. D. 

Now, we'll see that the properties of ipi are similar to those of tp. 

Property 1 (i) B\ is an open subset of M, 
(ii) ipi '. B\ — > M is a C l -function. 

Proof. Let a E B\. Note first that -§iv(t; a , Ti)/ t= ^ ao ^ can not be = 0. This 
is a direct consequence of standard uniqueness theorems for the ODE (see, e.g. || or 
U) and the fact that v(ipi(a ); a , 7\) = and v(.;a ,Ti) ^ 0. Hence using the implicit 
function theorem, one gets open neighbourhoods U of do and V of ipi(ao) and a C 1 -function 
01 : U — > V such that 

■01 (a) = t <^=^ (t, a) 6 V X C/ and v(t;a,Ti) = . 

Now by the same arguments used in 0] to prove property 1 of 0, we can show that ipi = -0i 
near ao and that [/ C Bi, [/ being sufficiently reduced. Q. E. D. 

The following two properties are concerned with the monotonicity and the regularity 

of lj) x . 

Property 2 (i) ipi is \ in M + , strictly in B\ D M + , 
(ii) ipi is /* in M~ , strictly in B x D -R - . 

Proof. We'll prove only the first assertion (the proof of the second one is similar). So 
let a G B\ H iR + and a > a and let us verify that ipi{a) < ipi{a). This will be clearly done 
if we succeed in proving that the solution v(., a, T{) of the linear equation 

Lv = am{t)v (2.1) 

has at least one zero in the interval ]Ti,0i(a)[. 
Writing the equations (|1.6|) and ( |2.1|) , respectively, as 

1 1 

— \p(t)v] + -q(t)v = m(t)v 
a a 

and 

-~\p{t)v'}' + -q(t)v = m(t)v 
a a 

and applying the following lemma to these two latters on the interval [Ti,0i(a)], one gets 
the desired result. 

By the same arguments, we prove that if a > a > 0, then ipi(a) < ipi(a). Property ^| is 
proved. Q. E. D. 

The following lemma will be used below repeatedly. 
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Lemma 2.4 Consider the following two equations: 

-\Pi(t)vi']' + qi(t)vi = mi(t)vi, t E M, 

(i = 1,2) and let v\ and v 2 be two solutions of and (*)2, respectively, such that 

v l (T 1 ) = 1 , 
v/iTj = (i = 1,2). 

Suppose that p\ > P2 (> 0), qi> q% (> 0), m\ < m 2 and that v\ vanishes at a point to > T\. 
Then v 2 has at least one zero in the interval ]Ti,t ]- 

If, moreover, at least one of the above three inequalities is strict, then v 2 has a zero in the 
open interval ]T 1; tot- 
Proof. Suppose p\ > P2 > 0, qi > q 2 > 0, m\ < m 2 and suppose, by contradiction, 
that fi(to) — and V2 does not have any zero in the interval ]Ti,t ]- Without loss of 
generality, we can suppose that t is the first zero > T\ of v\. 
From the indentities 

\pi{t)v'M' = v 2 \ Pl (t)v' l ]' + Pl (t)v[v 2 

= qi (t)v it) 2 - mi (t)v iv 2 + pi {t)v[v' 2 

and 

[p2(t)v lV ' 2 ]' = V 1 \ P2 {t)v' 2 \' + P2{t)v' l V , 2 

= <?2 (t)viv 2 - m 2 (t)viv 2 + P2 (t)v[v' 2 

it follows that 

[pi(t)v[v2 - P2(t)v 1 v' 2 }' = [gi(t) - q 2 (t)]v 1 v 2 - [m^t) - m 2 (t)]fif 2 + [pi(t) - p 2 (t)}v' 1 v 2 . 

H6I1C6 

^\ Pl (t)v' 1 v 2 - P2 (t)v 1 v 2 })' = f 2 ([ qi ( t ) - q2 (t)} Vl v 2 

- [mi(t) - m 2 (t)]v 1 v 2 

+ \pi(t)-p2(t)}v' 1 V> 2 ) 

+ v -^^\p 1 {t)v[v 2 -p 2 {t)v 1 v' 2 \. 
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So we establish the following formula 



{^\Pimv 2 -p 2 {t)vW 2 ])' = [qi(t) - q 2 {t)H 

- [mi(t) - m 2 (t)]vj 

+ [Pi(t) - p 2 (t)}v[ 2 

+ P2(t)K ~ V' 2 ^f 



(2.2) 



everywhere in the interval ]Ti, to]. 

Now, integrating (|2.2j ) from T\ to t Q , the first member leads to an integral equal to zero 
and the second one to an integral strictly positive: a contradiction. 

Similarly, we prove that v 2 must have a zero in ]Ti, t [ when at least one of the inequalities 
Pi > P2, qi > <?2, fni < m 2 is strict. Q. E. D. 
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Property 3 (i) ip[{a) < for every a G B\ n 
(ii) ^i(a) > for every a G B\ fl 

Proof. The proof is very similar to that of the third property of ip (see [pj or [0]). We 



point out that, instead of Sturm's comparison theorem, one should use lemma |2]J above. 
Q. E. D. 

The following property will be very useful in the fourth section of this work. It concerns 
the behaviour of tpi at ±oo. 

Property 4 (i) lim ipi(a) = , 

a >+oo 1 

(ii) lim ipi{a) = . 

a >— oo 1 

To prove this property, we need the following two lemmas: 

Lemma 2.5 (%) Wa G M + ,ipi(a) > and if, moreover, a G B\, then we have the strict 
inequality. 

(ii) G M-,ipi(a) > and if, moreover, a E Bi, then we have the strict inequality. 

Lemma 2.6 Va G M,ipi(a) < (p a (Ti). Moreover, if (a, Ti) G A, £/ien one /ias t/ie strict 
inequality. 

Proof of property ^ (i) Let a > 0. From the last two lemmas, we deduce that 

a> < ^i(a) < (f a {Ti) • 

Passing to the limit as a — > +oo and using the fact that lim <p a (Ti) = (see property 

4 of ip above), we conclude the proof of (i). 

(ii) The proof of (ii) is similar to that of (i). Q. E. D. 



Proof of lemma |2.5| . Let us prove the first assertion (z) (the second one is proved 
similarly). Let a > and suppose by contradiction that ipi(a) < . Then m is < on 
\Ti,i/ji(a)]. Comparing on this interval our equation (|1.6| ) with the equation —piv" = O.v, 
it follows from lemma |2.4j that any solution v of the latter must have at least one zero in 
]Ti,^x(a)], which is clearly false. 

By the same arguments, we prove that if moreover a G B±, then the strict inequality 
■01 (a) > a j, holds true. Q. E. D. 

Proof of lemma |2.6| . Let a G M be such that (a, Ti) G A. Applying Sturm's 
separation theorem as it is given for instance in ch. 11 of to the functions u(.; a, Ti) and 
v(.;a,Tx), it follows that v(.;a, Ti) has at least one zero in the interval ]T 1 ,(/? a (T 1 )[ and, 
hence, Vi(a) < <£a(Ti). 

If (a, Ti) g" A, then it is clear by the definition of A below that y?a(Ti) = +oo and, hence, 



tpi (a) < <p a {Ti). Lemma pT6| is proved. Q. E. D. 
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Property 5 lim i/ji(a) = +00. 



a — >o 



Proof. Let us treat the case where a > (the case a < can be reduced to this one 
by considering — m). 

Let R > 0. It is clear that there exists or > such that am(t) < Pi(tc/R) 2 for every 
< a < or, where p\ is defined at the beginning of this section. 



Let us compare, on [Ti,Ti + R], the equations ( |L6|) and 

- Pl v" + 0.v = Pl (n/R) 2 v. (2.3) 

The function v(t) := sin(7r^p- + |) is clearly a solution of ( |2.3| ) satisfying v'{Ti) = and 
whose first zero > T\ is exactly the point T\ + ^. Using lemma |2.4j, this implies that 
^i(cf) > T\ + Property |5] is then proved since R is arbitrary. Q. E. D. 



Consequence 2.7 From the remark \2.,3j and the properties of ipi presented above, we 
deduce the following results concerning the zero-function ip2 ■ 

1) B 2 is an open subset of M and ip 2 ■' B 2 1 — ► M is a ^-function, 

2) ip2 is /" (resp. \) in M + (resp. M-), strictly in B 2 D M + (resp. B 2 H JR-), 

3) ?p 2 (a) is > if a E B 2 H 1R+ and < if a E B 2 f] iR„ , 

4) lim ip 2 (a) = sup{t < T 2 : m{t) > 0} and , similarly, 

a >+oo 

lim ip 2 (a) = sup{t < T 2 : m(t) < 0}, 

a >— 00 

5) lim ip 2 (a) = —00. 

a >0 

Before closing this section, note that the restrictions of 

(f a to {s E [T 1; T 2 ] : Lp a (s) E [Ti,T 2 ]}, 
ipi to {a E M : ip\(a) E [Ti,T 2 ]} and 
i) 2 to {a E IR : ip 2 {a) E [Ti,T 2 ]}, 

clearly, do not depend on the extensions of the coefficients of L and the weight-function 
m(t) introduced at the beginning of this section. 

On the other hand, since (p, ipi and tp 2 depend on the weight-function m(t), we will note 
them below by ip m , ip™ and if)™ respectively. 

Finally we denote by \™ (resp. A™ x ) the principal positive (resp. negative) eigenvalue of 
the problem ( |1.4j ) when m + (t) (resp. m~(t)) ^ in [Ti,T 2 ]. 

Remark 2.8 When q = and m changes sign in [Ti,T 2 ], it is well known that (at least) 
one of these principal eigenvalues is equal to zero and the "sign" of the other one depends 
on the "average of the weight m" on the interval [Ti, T 2 ]. More precisely, in this case, 

.) if m(t)dt = 0, then A m x = = A™, 

.) if m(t)dt > 0, then A^ < and A™ = 0, 

.) if m{t)dt < 0, then A"\ = and X 7 ? > 

(see, e.g., § or 0). 
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When g>0 and m changes sign in [Ti, T2], it is clear that can not be an eigenvalue of 
the problem ( JDl ) and, moreover, A"\ < and A™ > (see, e.g. [ID for more details). 



3 Nonlinear problem with weights 

This section is devoted to the study of the description of the Fucik spectrum E in the Neu- 
mann case. In the first paragraph, we consider the problem with two weight-functions (|1.1| ) 
and in the second one, we investigate the particular case where one weight is considered, 
i.e. the problem Q1.3Q . 



3.1 Two- weights problem 

Consider in this paragraph the semilinear problem (|1.1|) , where L, m and n are defined 
as before. From standard ODE results it follows that the zeros of any nontrivial solution 
of (|1.1|) are isolated. Hence, we can classify these solutions according to their numbers of 
zeros in the interval ]Ti, T 2 [. This leads us to the following description of the spectrum E: 

+00 

fc=0 

where Cj? (resp. C^) is the set of those (a, b) in R 2 such that ( |1.1| ) has a nontrivial solution 
u with exactly /c-zeros in ]Ti,T 2 [ and ending positively (resp. negatively), i.e. such that: 
u(T 2 ) > (resp. u{T 2 ) < 0). 

On the other hand, if (a, b) e (resp. C£), then all the solutions of (|1.1| ) ending positively 
(resp. negatively) are multiple one of the other. This allows us to describe and C^, 
k > 1, as follows: 

C> := {(a,b):^(b)=^(a)}, 

C> := {(a,b): V ^?(a)}=^(*)}, 

C> := {(a,b):^(^mb)]) = ^(a)}, 

C> := {(a, b) : <ft(<f%[<ftty?(a))\) = l^(a)} . . . 

and 





:= {(a 


b) 


^{a) = ^{b)} 1 


c< 


■= {(« 


b) 






:= {(a 


b) 






:= {(a 


b) 


^M^mb))])=^(b)} 



Concerning the sets Cq and Cq, it is clear that Cq (resp. Cq) is made of one or two of 
the lines {A^} x R and {A m J x R (resp. R x {A?} and R x {Alj): it depends on the 
sign of m(t) (resp. n(t)). More precisely, 
./ If m>0 everywhere in [T\,T 2 ], then C > = {X?} x R. 
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./ If m<0 everywhere in [7\ , T 2 ] , then C > = {A m J x iR. 

./ If m changes sign in [T 1; T 2 ], i.e. if m + (t) ^ and m~(t) ^ on [T 1 ,T 2 ], then C ( 
({A m i} x iR) U ({A\ n } x iR). 

Similarly, 

.) C < = M x {A™} if n>0 everywhere in [T\,T 2 ], 

.) C< = IR x {A"J if n<0 everywhere in [Tx,T 2 ], 

.) C7< = (iR x {Alj) U (iR x {A?}) if n changes sign in [T U T 2 ]. 

From now on, we will denote by E* the set E without these trivial lines, i.e. 



Remark 3.1 If for instance m + (t) ^ and n + (t) ^ in [Ti,T 2 ], then it follows from the 
monotonicity properties of the zero-functions that the intersection of E with iR + x iR + 
is contained in the quadrant ]A™, +oo[x]A™, +oo[. In fact, we can say more, namely this 
inclusion is always strict, i.e. there exists e > such that E* R (iR + x iR + ) c]A™ + 
e, +oo[x]A™ + e, +oo[ (see next section for more details): This is the most important 
difference between the Dirichlet case and the Neumann case which is the subject of this 
work. Indeed, it was proved in || that this inclusion is strict in the Dirichlet case if and 
only if m + (t) and n + (t) both have compact support in the interval ]Ti,T 2 [. 

Now let us return to our Neumann case. If m + (t) = and n + (t) = in [Ti,T 2 ], then 
E* does not contain any point of iR + x iR + . 

We have similar results for the other three quadrants of iR 2 : For instance, if m(t) and n(t) 
both change sign, then E* is contained strictly in the four quadrants 



When one of the weight-functions m(t) or n(t) changes sign, the other one being with a 

constant sign in ]Ti,T 2 [, E* is contained strictly in two quadrants. 

When these two weights do not change sign, E* is contained strictly in one quadrant. 

We will note below: 



E*:=U(^ >U ^)- 



k=l 



QXT, +oc[x]A?, +oo[) U (] - oo, A"\[x] - oo, A^[) 



U(] - oo, A m 1 [x]A' 1 i , +oo[) U QA™ +oo[x] - oo, A^[). 



*>(o,6) 
*>(a,6) 
*>(a,b) 



<P?[1>?(a)) , 

<P?(VV[W(!>)]) , 
V?(^b?W(a))]) ■■■ 
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and, similarly, 



V<(a,b) 
*<(o,6) 

*<(a,b) 



a, b) 



^(^[Vr(a)l). 



So we have: 



for every > 1. 



{(a, 6) G iR 2 : #£(a,6) = ^T(a)} and 
{(a,o)GiR 2 :*<(a,6) = ^(o)} 



Taking into account of the fact that the zero-functions y?.(^~i) an d i/^i (-) have similar 
properties, as it is shown in the preceding section, and proceeding as in the Dirichlet case 
(IHI, @ section 2), we conclude that the properties of S in our Neumann case are rather 
comparable with those of £ in the Dirichlet case. 

We point out that the asymptotic behaviour of E represents an exception of these properties 
(see remark |3.1| ). This is the principal reason for which we will devote the following section 
to this fact. 

So we present below the properties of the Fucik spectrum associated to (|1.1| ). We refer to 
|]J for detailed proofs and [Q] for the proofs of analogous results in the Dirichlet case. 

The first theorem shows that £* is made, in each quadrant of M 2 , of hyperbolic like 
curves of class C l . 



Theorem 1 Let k > 1 be such that fl (M+ x M + ) is nonempty. Then there exist 
a k > 0k — an d a C l -diffeomorphism f£ strictly \ defined from }a^,+oo[ to 
}P^,+oo[ such that 

C> n (M + x JR+) = {(a, f>(a)) : a G]a>, +oo[}. 

Similarly for C% . 

We have similar results for the other three quadrants of M 2 . If for instance fl (M- x 
M+) ^ 0, then there exist 7^ < A™ 1; 77^ > A™ and a C 1 -diffeomorphism g£ strictly /* 
defined from}— 00, 7^ [ to }r]^, +oo[ such that C^n(M^xM + ) = {(a, 5^ (a)) : a g] — 00, 7^ [}. 

In the following two theorems, we give some informations on the "exact number" of 
these curves in each quadrant of M 2 and their positions with respect to each other. 

Theorem 2 Let k > 1 and e±, £2 G {+,—}. Then the following two assertions are equiv- 
alent: 

(i) Cfc fl (M ei x M €2 ) and fl (iR ei x J? e2 ) are 6oi/i nonempty, 

(ii) C^ +1 fl (iR ei x M e , 2 ) (or C^ +1 fl (iR ei x iR e2 ),) nonempty. 

On the other hand, both and are strictly above (resp. below) C^ +l (or C^ +1 ) in the 
quadrants 1R+ x 1R+ and 1R- x 1R+ (resp. M + x M- and 1R- x JR-). 
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Theorem 3 Let ex, 62 G {+, — } and suppose that m ei (t) ^ and n e2 {t) ^ 0. Tnen one, 
at least, of the two intersections fl (M tl x M £2 ) or Cf fl (iR ei x iR<= 2 ) nonempty. 

Combining theorems and [3] yields the following 

Consequence 3.2 Let ex, 62 G {+, — } and suppose m ei (t) ^ and n E2 (t) ^ 0. Tnen 
eziner 

(%) For every integer k, the intersections Cj? fl (iR ei x iR €2 ) an< ^ C^f C (iR €1 x iR €2 ) are froin 
nonempty, 
or 

(lij There exists k for which fl {M ei x iR £2 ) and fl (iR ei x iR €2 ) are both nonempty 
for every k < k , one of the two intersections C^ o+1 fl (M ei x M e2 ) or C^ Q+1 fl (M ei x iR £2 ) 
is nonempty, the other one being empty, and Cj? fl (M tl x M 62 ) and C£ fl (M tl x iR e2 ) are 
&o£/i empty for every k > ko + 2. 

In particular, we conclude that if both m(t) and n(t) change sign, then the spectrum E* 
consists, in each quadrant of M 2 , of a (non-zero) odd or infinite number of hyperbolic 
like curves Cj?,C^(k > 1). 

Remark 3.3 Note that certain curves may be double and are then counted for two. 

The following theorem gives a sufficient and (almost) necessary condition on m(t) and 
n(t) in order to have, in a given quadrant of M 2 , an infinite number of curves of E* (see 
]]J for a more general condition which is necessary and sufficient). 

Theorem 4 Let ei,e 2 G {+, — } and suppose that m^ 1 (t) .n 62 (t) ^ in [Ti,T 2 ]. Then the 
two intersections fl (M ei x M e2 ) and fl (M ei x iR e2 ) are kd/i nonempty for every 
k > 1 . 

Moreover, if at least one of the two graphes of m ei (t) or n e2 (t) is made of a finite number 
of bumps, then the converse is true. 

The last result shows that all situations may happen concerning the number of curves 
of E* contained in each quadrant of M 2 . 

Theorem 5 Let p,q,r, s G IV U {+00}. Then there exist two continuous weight- functions 
m(t) and n(t) on [Tx,T2] such that the intersection between the spectrum E* associated to 
the problem and M + x M + (resp. M + x iR_ x ]R_, iR_ x M + ) exactly contains 
2p + 1 (resp. 2q + 1, 2r + 1, 2s + 1) hyperbolic like curves. 

3.2 Particular case where m(t) = n(t) 

Now, let us consider the problem (|1.3| ) where L is defined as before and m G C[Ti,T 2 ], 
m(t) ^ 0. Making a = b in ( |i.3| ), we find the eigenvalue problem ( |1.4j ) and, hence, we 
conclude that E intersected by the diagonal "y = x" consists of the sequence of points 
(A£\A^), k > 1, if m + (t) ^ and (A™ fc ,A™ fc ), k > 1, if m~(t) ^ 0. Moreover, it is clear 
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that (A™, XT) e {C>_ t n C<_ x ) n B« and (A™„ A m fc ) G (C> t n C<_ x ) n iR 2 _ for every fc > 1. 
This implies that: 

(i) if m + (t) ^ 0, then all the intersections of and of with M\ are nonempty, 

(ii) if m~(t) ^ 0, then all the intersections of and of C£ with iR 2 are nonempty. 

In particular, if m(t) does not change sign in the interval [Ti,T2] and if m>0 (resp. m<0), 

then E* contains an infinite number of curves in the quadrant M 2 + (resp. M 2 _). 

From now on, we suppose that the weight-function m(t) changes sign, i.e. m + and 
m~ are both ^ in [Ti, T 2 ]. 

Using theorem [T], it follows from the points (i) and (ii) above that X* contains an infinite 
number of curves in each one of the quadrants M 2 , and M 2 _ . Moreover, using the fact that 



S* is symmetric with respect to the diagonal u y = x" , it follows from the consequence £372 
that: either (i) S* contains a (non-zero) odd number of hyperbolic like curves in each one 
of the two quadrants M + x iR_ and iR„ x M + , or (ii) there exists an infinite number of 
hyperbolic like curves in each one of these two quadrants. 

We close this section by the following theorem which shows that the "exact number" of 
these additional curves in M + x M- and in M- x M + depends on the "number of changes 
of sign" of m(t) in the interval ]Ti,T2[. 

Let us first precise this notion of "number of changes of sign" . 

Definition 3.4 (1) Let s G]Ti, T%\. We say that s is a simple point of change of sign of m 
when there exist T\ < s' < s and eo > such that: either (i) m<0 on ]s'—e, s'[, V0 < e < eo, 

m = on [s f , s] and m>0 on ]s, s + e[, V0 < e < e , or (ii) m>0 on ]s' — e, s'[ for every 

< e < e , m = on [s', s] and m<0 on ]s, s + e[ for every < e < e . 

(2) Let s E [Ti,T 2 ]. We say that s is a multiple point of change of sign of m if either (i) 
s > Ti and m + and m~ are both ^ on }s — e, s[f1 [Ti,T 2 ] for every e > 0, or (ii) s < T 2 
and m + and m~ are ^ on }s, s + e[ D [Ti, T 2 ] for any e > 0. 

(3) If m has only simple points of change of sign in ]T 1; T 2 [ and if iV e IV is the exact 
number of these points, then we say that the number of changes of sign of m is equal to 
N. If m has, at least, one multiple point of change of sign in [Ti, T 2 ], then we say that the 
number of changes of sign of m is +oo. 

Hence we have the following 

Theorem 6 Suppose that m changes sign in the interval ]T 1; T 2 [. Let N e {1, 2, +00} 
be the number of changes of sign of m. Then the spectrum S* exactly contains (2N — 1)- 
hyperbolic like curves in each one of the two quadrants M + x IR_ and iR„ x M + . 
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4 Asymptotic behaviour of the first curves of E 

This section is devoted to the study of the asymptotic behaviour of the first curves Cf fl 
{M ei xM t2 ) and C^n(-K e i xiReJ, where ei, e 2 G {+,—}, of the Fucik spectrum E associated 
to the problem ( |1.3|) . We will see that none of the first curves can be asymptotic on any 
side to the trivial lines of S. 
We denote 

T> := mf{te]T 1 ,T 2 [:m{t)>0}, 
T> := sup{£ E]T U T 2 [: m(t) > 0} 

when m + (t) ^ in [T 1; T 2 ], and 

T< : = inf{t e]T u T 2 [: m{t) < 0}, 

T< := sup{t e]Ti,T 2 [: m(t) < 0} 

when m~(t) ^ in [Ti,T 2 ]. 
For every ei, e 2 G {+, — }, we set 

(C 1 > ) (eil£2) := c>n(M ei xM £2 ), 
(C<) (ei , e2) := C<n(iR ei xiR £2 ). 

For example, (C 1 < ) ( _ i+) := n x M+). 
Finally, we denote 

(i) oil ( res P- a x) the real > (resp. < 0) for which ^ 2 (af ) = T{" (resp. ^ 2 (af ) = T^), 

(ii) fli (resp. /3^) the real > (resp. < 0) for which ipi(Pi ) = T 2 (resp. ij)\{fix) = T 2 ) 
if m + (t) ^ in [T U T 2 ], and 

(hi) (resp. a 2 ) the real > (resp. < 0) for which ip 2 (a 2 ) = T X K (resp. ip 2 (a 2 ) = T^), 
(iv) /3 2 (resp. (3 2 ) the real > (resp. < 0) for which ipi(f3 2 ) = (resp. ipi{(3 2 ) = T 2 < ) 
if m-(t) £ in [T 1; T 2 ]. 

Note that the unicity of these reals clearly follows from the strict monotonicity of the 
zero-functions ipi and i/j 2 . 

Theorem 7 (i) If (Cf* )(+,+) 7^ 0, £/ien (Cf')( +)+ ) is asymptotic to the lines {ctf} x iR 
and R x {/?>}. 

fiij If (C'j > )(_ > _) 7^ 0, i/ien (Cf)(_ i _) is asymptotic to the lines {a 2 } x iR and M x {/Jf}. 
fmj // (C'j > )( +> _) 7^ 0, i/ien (Cf > )( + _) is asymptotic to the lines {a 2 } x M and M x {flf}. 
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(iv) If (C'i > )(-,+) 7^ 0, then (Cj > )(_ i+ ) is asymptotic to the lines } x M and M x {af }. 

And, by symmetry of Cf* and C< with respect to the diagonal "y = x" , we have also: 
(i)' If (C± )(+,+) 7^ 0, then (C^)( +j+ ) zs asymptotic to the lines x iR and Mx {af}. 
(mJ' //(Cj < )(_ > _) 7^ ; i/ien (Cj < )(_ i _) zs asymptotic to the lines x iR and Mx {a[f}. 
(Hi)' If (C^)( +) _) 7^ 0, i/ien (CT^W ) asymptotic to the lines {<yf} x IR and Mx {13^} ■ 
(iv) 7 If (C] < )(-,+) 7^ 0, ^en (C*i < )(-,+) asymptotic to the lines {fif} x M and M x {ct%}. 

Proof. Let (a, b) G Ci. Then ^(6) = ^(a) if (a, b) G Cf, or ^(a) = ip 2 (b) if 
(a, 6) G C<. 

Passing to the limits as a — > ±oo and as b — > ±oo and using the property ^ above and 
the fact that %p\ and ip2 are strictly monotonous, one can easily prove all the assertions of 
theorem 0. Q. E. D. 

Corollary 4.1 If m(t) changes sign in [Ti,T 2 ], then there exists an e > such that 
S* C (]A™ + e, +oo[x]A™ + e, +oo[) U (] - oo, A™ - e[x] - oo, A™ - e[) 
U(] - oo, A™ - e[x]A™ + e, +oo[) U (]A™ + e, +oo[x] - oo, A™ - e[). 
If m(t) keeps a constant sign in [Ti,T2] (for instance m>0), then 

S* C ]Ar + e,+oo[x]A™ + e,+oo[ 

for a certain e > 0. 

Proof. Suppose that m{t) changes sign in [Ti,T 2 ]. We denote 

o > the real > for which ip2{ct > ) — 7i, 

o < the real < for which ^(a**) — Ti, 

fP the real > for which ipi(P > ) = T 2 , 

/3 < the real < for which i(ji(f3 < ) = T 2 . 

Hence, by the monotonicity of the zero-functions ipi and ip2, it is clear that: 

at, a 2 > a> > ; 
oif, a 2 < a< < ^ m i ; 

/^r,^ > /5 > > A™ and 
(3f,(3<<(3<<\™ v 

So, in this case, one has just to take e := min{a > — A™, A1\ — a < , /3 > — A™, A'^ — fi < }. 
If m(t) is >0, then we take, for example, e := min{a; > — A™,/5 > — A™}. Q. E. D. 

Remark 4.2 By the same arguments, one could prove that the spectrum £* associated to 
the two-weights problem ( |1.1| ) is always at a strictly positive distance from the trivial lines 
of S. In the Dirichlet case, it was proved in || that this is true if and only if each one 
of the two weight-functions m(t) and n(t) has a compact support in the interval ]T 1; T 2 [. 
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